A one-dimensional multiple wave-conversion model is constructed that allows energy recirculation in ray phase space. Using a modular eikonal approach, the connection coefficients for this model are calculated by ray phase-space methods. Analytical results (confirmed numerically) show that all connection coefficients exhibit interference effects that depend on an interference phase, calculated from the coupling constants and the area enclosed by the intersecting rays. This conceptual model, which focuses on the topology of intersecting rays in phase space, is used to investigate how mode conversion between primary and secondary waves is modified by the presence of a tertiary wave.
I. INTRODUCTION
The process of mode conversion in a magnetized plasma, involving the interaction between two distinct propagating waves, represents an important mechanism by which rf heating and current drive may lead to a burning plasma [1] . According to a standard mode-conversion scenario for rf heating in a magnetized plasma, a primary (e.g., magnetosonic) wave carries rf power into the plasma until it is partially converted to a secondary (e.g., ion cyclotron) wave (see Fig. 1 ) from which the converted power is absorbed (which ultimately leads to plasma heating [2] ). When a plasma contains multiple particle species, a variety of waves may interact resonantly, leading to the possibility of interesting interference effects. Given their potential complexity, it is desirable to investigate simplified models that capture the essence of the phenomena.
In the present work we investigate how a double conversion between primary and secondary plasma waves may be
FIG. 1:
Ray phase-space diagram for a double wave-conversion process with conversion regions a and b. Arrows indicate wavepacket propagation. The horizontal incident, transmitted, and reflected rays are associated with a bidirectional primary wave (e.g., magnetosonic) while the converted parabolic ray is associated with a unidirectional secondary wave (e.g., ion Bernstein). The single-conversion amplitude transmission and conversion coefficients are τ and β. The energy transmission, conversion, and reflection coefficients T = τ 2 , C = |β| 2 τ 2 , and R ≡ |β 2 | 2 satisfy the energy conservation law T + C + R = 1.
modified by a tertiary wave (perhaps supported by an energetic particle population). For this purpose, we develop a one-dimensional model that allows interference effects and energy recirculation. We note that this paper emphasizes the topology of intersecting rays that enclose area in two-dimensional phase space, and leave the ray geometry of specific plasma waves to future work. Within this model, the transmission, reflection, and conversion coefficients are calculated by ray phase-space methods [3, 4] and a modular eikonal approach [5] . Analytical and numerical results show that these connection coefficients exhibit interference effects, which depend on an interference phase calculated from the coupling constants and the area enclosed by the rays.
The remainder of the paper is organized as follows. In Sec. II, we analyze the double-conversion model in order to introduce key ideas and useful notation associated with the modular eikonal approach. In Sec. III, we review previous works on multiple wave-conversions and introduce the two connection rules needed to perform the modular eikonal analysis of multiple wave-conversion problems that involve area enclosed by intersecting rays. In Sec. IV, we present a simplified one-dimensional model that enables us to focus our attention on the essence of interference and recirculation effects in ray phase space. A useful feature of this simplified model lies with the simple wave energy conservation law it possesses, which allows direct comparison with numerical analysis. We then solve our multiple wave-conversion model by using the modular eikonal approach [5] [6] [7] and construct the transmission and reflection coefficients associated with the primary wave, and the conversion coefficients associated with the secondary and tertiary waves. Here, the recirculation of wave energy introduces interference effects that depend on the pair-wise mode-coupling constant at each conversion point and the area enclosed by the intersecting rays.
In Sec. V, we compare the analytical results for the connection coefficients presented in Sec. IV with numerical results associated with the direct integration of the coupled-wave equations presented in Sec. IV. The excellent agreement found between the analytical and numerical results validates the use of the modular eikonal approach. In Sec. VI, we briefly discuss the possibility that, when the tertiary wave is supported by an inverted population of energetic particles, the tertiary-wave energy may be negative and thus the secondary-wave conversion coefficient may exceed unity. Lastly, we present our conclusions in Sec. VII and discuss applications and future work.
II. DOUBLE-CONVERSION MODEL
Before presenting our multiple wave-conversion model in Sec. IV, it is useful to review the ray phase-space analysis of single and double conversion processes [3] . In a standard single-crossing mode-conversion scenario (see conversion region a in Fig. 1 ), an incident ray from a primary wave propagates on its dispersion surface until it crosses (transversely) the dispersion surface of a secondary wave. Mode conversion occurs when some of the energy carried by a ray of the primary wave is converted to energy carried by a ray of the secondary wave, which allows the secondary ray to propagate away from the conversion region. The remaining energy associated with the primary wave is transmitted across the conversion region (by tunneling) and allows a primary-wave ray to propagate away from the conversion region.
Energy conservation dictates that the sum of the outgoing energy fluxes is equal to the sum of the incoming energy fluxes at each conversion region in ray phase space [8] . For each unit of energy entering a conversion region, the energy transmission coefficient is the square of the real-valued amplitude coefficient
which is expressed in terms of the product of the wave-energy signs and the normalized coupling coefficient η (to be defined later). The energy conversion coefficient is the squared magnitude of the complex-valued amplitude conversion coefficient [3, 4] 
where Γ(z) denotes the gamma function and ϕ denotes the phase of β. These coefficients satisfy the single-conversion energy conservation law τ 2 + |β| 2 ≡ 1. The simplest double-conversion scenario in applications of rf power in magnetized plasmas is shown in Fig. 1 , where energy from an incoming (bidirectional) primary wave (e.g., magnetosonic wave) is partially converted to a secondary wave located within a resonance layer (e.g., ion hybrid wave). Here, the unidirectional propagation of the secondary wave is due to nonuniformity in the plasma background. The remaining energy is divided between the primary-wave rays transmitted through the resonance layer (by tunneling) and reflected from the resonance layer.
In a nonuniform plasma with one-dimensional spatial dependence, the coupled-wave equations for a generic two-wave conversion process are given in matrix form as [3, 4] 
where k = −i d/dx, η denotes the coupling constant, and the complex-valued fields A(x) and B(x) represent the primary and secondary waves, respectively. Within the eikonal approximation (i.e., far away from a conversion region so that k → k), the dispersion curve x j (k; ω) for each wave is determined by D j (x, k; ω) = 0. Wave packets travel along dispersion curves according to Hamilton's ray equations
where a dot refers to a derivative with respect to the ray parameter. In addition, the sign of the wave energy for each wave is determined by the sign of ∂D j /∂ω [6, 7] . In the wave equation (3), the primary wave (shown in Fig. 1 ) is modeled by its dispersion function
The secondary wave (shown in Fig. 1 ), on the other hand, is modeled by its dispersion function
Using these dispersion functions, the energy-flux conservation law
where J j (x) denotes the energy flux of wave j = A, B. Note that, in the limit α → 0, the wave equation (3) yields the standard Budden equation [3] 
where the secondary field B(x) = − η * A(x)/x is singular at x = 0 (i.e., B-wave rays propagate only in k-space). The ray phase-space analysis of the double-conversion process involving primary and secondary positive-energy waves ( = + 1) proceeds through a modular eikonal approach as follows. First, an incoming primary ray (traveling in x-space only) is converted to a secondary ray at the first conversion region a. Next, the secondary ray propagates in (x, k)-space to the second conversion region b where it is converted to an outgoing (reflected) primary ray and an outgoing (transmitted) secondary ray. For each unit of energy in the primary ray incoming at the conversion region a, the transmitted energy carried by the outgoing primary ray is
while the converted energy carried by the secondary ray is represented by the complex-valued conversion amplitude β. At the second conversion region b, the transmitted energy carried by the secondary ray is
while the converted energy carried by the outgoing (reflected) primary ray is
The connection coefficients (7)-(9) satisfy the double-conversion energy conservation law
which follows from the conservation law (5). Lastly, we note that if the secondary wave has negative energy [9] (e.g., a minority-ion Bernstein wave supported by an inverted population of energetic particles [10, 11] ), the transmission amplitude (1) is now τ = exp(+ π |η| 2 ) > 1 and the phase ϕ = arg(β) is replaced with − ϕ. These replacements imply that the transmission coefficient T = τ 2 > 1, the conversion coefficient C = − τ 2 τ 2 − 1 < 0 (as is required for energy conversion between a positive-energy wave and a negative-energy wave), and the reflection coefficient R = τ 2 − 1 2 still satisfy the energy conservation law (10). 
III. PREVIOUS TWO-WAVE CONVERSION MODEL
Ray phase-space methods [3] can be used to study mode-conversion scenarios involving intersecting rays that enclose a finite area in two-dimensional ray phase space. The ray phase-space analysis of this mode conversion process reveals the existence of four scenarios based on whether the wave energies have equal or opposite signs, and whether the wave rays are co-propagating or counter-propagating in ray phase space.
A. Connection rules
When mode-coupled rays from different waves intersect in ray phase space in such a way as to enclose a finite area, it is necessary to introduce two different connection rules that distinguish between a right-turn conversion and a leftturn conversion (see Fig. 2 ). The conversion amplitude for a right-turn conversion is β (rule I) while the conversion amplitude for a left-turn conversion is − β * (rule II). These two connection rules may be combined in matrix form as
2 ) are incoming (−) and outgoing (+) field amplitudes, and
is the S matrix for the mode conversion 1 ↔ 2 (where the first and second rows represent the connection rules I and II, respectively). Conservation of energy is now simply expressed as det S = 1. While the difference between the two connection rules I and II has no observable consequences for the doubleconversion process considered in Sec. II (since both conversions follow the same connection rule), this difference plays a fundamental role in ensuring energy conservation when a finite area is enclosed by intersecting mode-coupled rays [5, 6] .
B. Two-wave model
Brizard et al. [6, 7] considered a double-conversion scenario in which the ray of a primary wave punctures the dispersion surface of the secondary wave twice due to ray curvature (corresponding to the case of a near-tangential crossing). Specifically, Brizard et al. [6, 7] considered the linear interaction between two waves with dispersion curves modeled by intersecting parabolas, with primary and secondary rays that are either co-propagating (Fig. 3 ) or counter-propagating (Fig. 4) .
The creation of an enclosed area by the intersecting parabolas introduces the possibility that the counter-propagating rays may allow energy recirculation around a leaky cavity (see Fig. 4 ). Direct numerical integration of the coupledwave model equations of Ref. [7] yielded excellent agreement with modular eikonal results provided the area enclosed by the intersecting parabolas in ray phase space was large compared to 2π.
FIG. 3:
Co-propagating ray phase-space diagram for intersecting parabolic rays [6, 7] . The transmission (T) and conversion (C) coefficients satisfy the energy conservation law T + C = 1.
Co-propagating scenarios
For the co-propagating scenario involving two positive-energy (+) waves (Fig. 3) , the transmission and conversion coefficients [7] 
are expressed in terms of the single-conversion amplitude τ and the interference phase
which takes into account the area enclosed by the intersecting parabolas (Φ) and the phase (ϕ) of the conversion amplitude β. Note that the last equality in Eq. (13) expresses the energy conservation law for this scenario. In addition, we note that the conditions τ = 1/ √ 2 and sin 2 Ψ + = 1 (e.g., Ψ + = π/2) correspond to a situation where the transmission and conversion coefficients are T + (1/ √ 2, π/2) = 0 and C + (1/ √ 2, π/2) = 1, i.e., the cavity allows 100 % conversion under these conditions. The cavity allows 100 % transmission (T + = 1 and C + = 0), on the other hand, when the interference phase is an integer multiple of π. Hence, as the enclosed area and/or the coupling strength varies, the coefficients T + and C + alternate between minima and maxima.
When the co-propagating scenario involves a positive-energy wave interacting with a negative-energy wave [ = −1 in Eq. (1)], the transmission and conversion coefficients are expressed in terms of the transmission amplitude τ ≡ exp(+ π |η| 2 ) > 1 as [7] T
where the interference phase Ψ − is defined in Eq. (14) . Hence, while the energy conservation T − + C − = 1 is still satisfied, a negative conversion coefficient (C − < 0) allows the transmission coefficient T − = 1 + |C − | > 1 to exceed 100 % for this scenario.
Counter-propagating scenario
The counter-propagating scenario (Fig. 4) allows energy recirculation around a leaky cavity in ray phase space. After each cycle, a small amount of energy has leaked out of the cavity contributing to the conversion and transmission channels. After N cycles, the amounts of transmitted energy and converted energy out of the cavity are N n=1 T n and N n=1 C n . As N → ∞, all the incident energy has leaked out of the cavity and the transmission and conversion coefficients are
FIG. 4: Counter-propagating ray phase-space diagram for intersecting parabolic rays [6, 7] , which allows energy recirculation. The transmission (T ) and conversion (C ) coefficients satisfy the energy conservation law T + C = 1.
and energy conservation is T + C = 1. After each cycle, the energy transmitted and converted is expressed in terms of the recirculation coefficient (denoted by the heart symbol)
which depends on the area enclosed by the intersecting rays and the strength of the wave coupling. The magnitude of the recirculation coefficient |♥| increases from 0 to 1 as the coupling constant |η| goes from 0 to infinity. For the counter-propagating scenario involving two positive-energy (+) waves, the transmission and conversion coefficients are [7] T
Note that there is a simple relation between the transmission coefficients (15) and (19) expressed as
i.e., the transmission coefficient for the mode conversion of co-propagating positive-energy and negative-energy waves (T − ) is the inverse of the transmission coefficient for the mode conversion of counter-propagating positive-energy waves (T + ). When the counter-propagating scenario involves a positive-energy wave interacting with a negative-energy wave (−), the transmission and conversion coefficients are expressed in terms of the transmission amplitude τ ≡ exp(+ π |η| 2 ) > 1 as
Note that the conditions τ = √ 2 and sin 2 Ψ + = 1 now correspond to a situation where the transmission and conversion coefficients both become infinite, i.e., T − → ∞ and C − → − ∞, while still satisfying the energy conservation law T − + C − = 1. This scenario was discussed in Ref. [6] in the context of an absolute instability involving the mode conversion between a positive-energy magnetosonic wave and a negative-energy minority-ion Bernstein wave supported by an inverted population of energetic particles.
C. Co-propagating linear three-wave model
The linear three-wave model studied by Liang, Morehead, et al. [5] considered a multiple wave-conversion scenario involving an x-propagating (bidirectional) primary wave and two k-propagating secondary (s) and tertiary (t) (unidirectional) waves that are co-propagating along the k-axis within two separate resonance layers (see Fig. 5 ). In this [5] . The phase φ is the phase accumulated along the segment ad, while the phase φ is the phase accumulated along the segments abcd. The reflection coefficient R and the conversion coefficient Ct explicitly exhibit interference effects, while the transmission coefficient T and the conversion coefficient Cs do not exhibit interference. The energy conservation law for this co-propagating three-wave conversion problem is T + R + Cs + Ct = 1.
co-propagating three-wave model, Liang, Morehead, et al. [5] introduced four conversion regions (a, b, c, d) that form the vertices of a rectangle in ray phase space produced by the pair-wise intersections of 4 uncoupled rays associated with three waves.
General linear three-wave model
In a nonuniform plasma with one-dimensional spatial dependence, the linear three-wave conversion process is written in matrix form as 
where the complex-valued fields A(x), B s (x), B t (x) represent the primary, secondary, and tertiary waves, respectively. The strengths of the resonant interactions A ↔ B j (j = s or t) are expressed by the coupling constants η j . Note that both the secondary and tertiary waves are coupled only to the primary wave in the present model. Within the eikonal representation, we use the 3 × 3 dispersion matrix D(x, k) of Eq. (24) to obtain the dispersion curves x(k) from the dispersion relation
The multiple wave-conversion equation (24) introduces the pairwise mode couplings between an x-propagating primary wave A and two k-propagating waves B s and B t . The x-propagating (bidirectional) primary wave A is represented by its dispersion function
while the two k-propagating (unidirectional) secondary and tertiary waves B s and B t are represented by their dispersion functions [5] (derived below)
where (σ, γ > 0) are model parameters. Here, both the secondary and tertiary waves propagate upward in k-space (see Fig. 5 ). On the x-axis (at k = 0), the rays of the secondary and tertiary waves are separated by the distance 2 σ.
The choice of the x-space propagation parameter γ for the secondary and tertiary waves does not affect the results of the modular eikonal approach [5] . (Similar wave-conversion models were previously studied by Friedland and Cohen [12] , who made use of simple dispersion functions similar to the ones used here.) The simplified dispersion functions (27) are derived as follows. First, we expand the (physical) dispersion function D j (x, k) about some point (x j , k j ) on its dispersion curve D j (x, k) = 0, and Taylor expand the function about that point:
where the constant
Hamilton's equations evaluated at (x j , k j ). Next, we choose (x j , k j ) = (∓ σ, 0), withk j = κ (i.e., the B-wave rays are co-k-propagating, with κ > 0) andẋ j = γ κ > 0 (i.e., both B-wave rays are outgoing at x = + ∞). Lastly, we rescale the dispersion functions (28) by dividing by κ and obtain the dispersion functions (27) after we drop terms of higher order. The wave equation (24) satisfies the wave-energy conservation law
where
γ |B s | 2 , and J t (x) ≡ 1 2 t γ |B t | 2 are wave-energy flux densities. Here, the tertiary wave-energy flux density J t is negative when the tertiary wave-energy is negative ( t < 0). When γ = 0 (i.e., the secondary and tertiary waves are localized within their respective resonance layers), we replace B j with − [η * j /(x ± σ)] A in the wave equation for A(x), and we obtain the extended Budden equation
This equation generalizes the standard Budden equation (6) by considering two distinct resonance layers (at x = ± σ) instead of a single resonance; note that an explicit solution for A(x) requires a proper handling of the singularities at x = ± σ. (A similar extension of the standard Budden problem associated with the presence of sheared flows in magnetized plasmas leads to three resonance layers and a phase-space cavity [13] .)
Modular eikonal approach
Liang, Morehead, et al. [5] then used a modular eikonal approach to show that the reflection coefficient
and the tertiary conversion coefficient
explicitly exhibit interference effects, where the interference phase Ψ ≡ Φ + ϕ s − ϕ t depends on the area enclosed by the rectangle (2 Φ ≡ k dx = φ − φ) and the (normalized) coupling constants (η s , η t ), while the transmission and secondary conversion coefficients
do not. The energy conservation law for this co-propagating three-wave model is
Note that the presence of the tertiary wave, viewed here as a perturbation on the two-wave conversion process involving the primary and secondary waves, yields a secondary conversion coefficient C s ≡ τ Lastly, Liang, Morehead, et al. [5] obtained excellent agreement between direct numerical integration of the coupledwave equations and analytical results, thus confirming the validity of the modular eikonal approach when interference effects are present. Note that while the connection rule I is used at each of the conversion regions a, b, and c in Fig. 5 , the connection rule II must be used at the conversion region d in order to guarantee the conservation of energy. In fact, the connection rules introduced above confirm the results of Liang, Morehead, et al. [5] , since the energy conservation law (34) was used in Ref. [5] as a constraint on the coefficients to calculate the tertiary conversion coefficient (32). 
IV. COUNTER-PROPAGATING LINEAR THREE-WAVE MODEL
In the present Section, we use the modular eikonal approach to study the multiple wave-conversion model based on Eq. (24), in which two counter-propagating positive-energy waves are each interacting resonantly with an xpropagating wave (see Fig. 6 ); the counter-propagating scenario involving a positive-energy wave and a negativeenergy wave is discussed in Sec. VI. These two scenarios are complementary to the co-propagating three-wave model of Liang, Morehead, et al. [5] , which did not consider the process of energy recirculation. These modifications allow us to investigate the validity of the modular eikonal approach when energy recirculation and interference effects are both present.
The x-propagating (bidirectional) primary wave A is once again represented by the dispersion function (26), while the two k-propagating (unidirectional) secondary and tertiary waves B s and B t are now represented by the dispersion functions
where (σ, γ > 0) are model parameters. Here, in contrast to the co-propagating linear three-wave model [5] , the secondary wave propagates upward (+) in k-space and the tertiary wave propagates downward (−) in k-space. On the x-axis (at k = 0), the rays of the secondary and tertiary waves are separated by the distance 2 σ (see Fig. 6 ). The uncoupled rays cross in phase space at the conversion points
which define a (symmetric) quadrangle in ray phase space (see Fig. 6 ). The ray equations 0) and (ẋ ± ,k ± ) = (γ, ± 1), indicated by arrows in Fig. 6 . The use of these simplified dispersion functions, for which the area enclosed by the intersecting rays is easily calculated, allows us to focus our attention on the topology of intersecting counter-propagating rays and the associated interference and recirculation effects.
A. Modular Eikonal Analysis
We now solve the coupled-wave model equations (24), with dispersion functions (26) and (35), by using the modular eikonal approach [5, 6] to calculate the transmission, reflection, and conversion coefficients at the four conversion points (a, b, c, d ). This approach makes use of the following single-crossing amplitude transmission and conversion coefficients (τ s , β s ) and (τ t , β t ) for the secondary and tertiary waves
where (j = s, t)
with the conversion phases
where |{D A , D j }| = 2k 0 denotes the Poisson bracket of the dispersion functions evaluated at the conversion points.
Recirculation
The intersecting rays shown in Fig. 6 exhibit a leaky-cavity feature in ray phase space that allows energy to recirculate around the quadrangle abcd. To represent this process, where each conversion along a clockwise recirculation path obeys the connection rule I, we introduce the complex-valued recirculation coefficient
with the interference phase [5] 
expressed as the sum of the propagation phase 2 Φ ≡ k dx (expressed as the sum of the area 4 k 0 σ enclosed by the uncoupled quadrangle abcd and corrections to the uncoupled eikonal phases due to finite coupling constants η j = 0) and the net conversion phase arg(β a β b β c β d ) = 2 (ϕ s + ϕ t ). We note that the relative simplicity of the recirculation coefficient (39) and interference phase (40) follow from the simplicity of our model presented in Sec. IV.
Connection coefficients
Using the modular eikonal approach, we now calculate the connections coefficients involving transmission (T) and reflection (R) associated with the primary wave and conversions to the secondary wave (C s ) and the tertiary wave (C t ). All connection coefficients (T, C s , C t , R) are calculated by adding the amplitudes of each successive completed circuit in Fig. 6 and thus they exhibit interference effects that depend on the phase Ψ defined in Eq. (40). These interference effects enter through the recirculation coefficient (39) in two different ways in Fig. 6 .
First, successive powers of ♥ are added to the zeroth-order amplitudes for the transmission T, secondary conversion C s , and reflection R coefficients; see the recirculation coefficient ♥ in the boxed expression in Fig. 6 between regions a and b. Hence, the transmission coefficient
for the left-propagating primary wave is
the secondary conversion coefficient
for the upward k-propagating secondary wave is
the reflection coefficient R ≡ |A
for the right-propagating primary wave is . At fixed coupling constant |η t |, the secondary conversion coefficient Cs exhibits interference effects as the separation parameter k0σ is varied and the interference phase (40) passes through integer multiples of π.
In Eqs. (41)- (43), we have used 1 + ♥ + ♥ 2 + · · · = (1 − ♥) −1 , since |♥| < 1 for nonzero coupling constants, and
Note that the calculations of the coefficients (41)- (43) involve the connection rule I only. Second, the recirculation coefficient (39) enters into the tertiary conversion coefficient C t at lowest order because of the interference between the zeroth-order conversion amplitude − β * a (i.e., the connection rule II applies at conversion region a for the mode conversion A → B t ) and the one-circuit amplitude (τ a β d β c β b e 2iΦ ) τ a (see the boxed expression below region a in Fig. 6 ). Each additional complete circuit around the quadrangle adds successive powers of ♥ to the one-circuit amplitude. Hence, the tertiary conversion coefficient
for the downward k-propagating tertiary wave is
It is now clear that, in contrast to the co-propagating scenario considered by Liang, Morehead, et al. [5] , all coefficients (41)- (43) and (45) exhibit interference effects The connection coefficients (41)-(45) depend on the model parameter σ and the coupling constants |η j | but not on the propagation parameter γ, which represents a simplifying property of the symmetric-quadrangle model used here (since the enclosed area is independent of γ). They also satisfy the energy conservation law
which follows from the wave energy conservation law (29). The foundations of the exact energy conservation law (46) are based on the existence of the two distinct connection rules I and II. Figure 7 shows a plot of the secondary conversion coefficient (42) as a function of the separation parameter k 0 σ and the normalized tertiary coupling constant |η t |, for γ = 1 and |η s | = [ln(2)/2π] We make three remarks concerning our connection coefficients (41)-(45). First, the standard Budden coefficients [3] are recovered from Eqs. (41)-(45) in the absence of the tertiary wave (η t = 0), so that τ t = 1 and β t = 0 = ♥. Second, as the tertiary coupling constant |η t | → ∞, the tertiary conversion coefficient C t → 1 and the remaining coefficients (T, C s , R) → 0 as can be seen in Fig. 7 (where C s becomes very small as |η t | > 1). Third, the use of a generic asymmetric-quadrangle model would only shift the minima and maxima in the connection coefficients and preserve the interference effects associated with recirculation. The simplifying features of our multiple wave-conversion model developed in Sec. IV allowed us to derive explicit analytical results for the connection coefficients (T, C s , C t , R). 
Reversed counter-propagating three-wave model
The scenario considered in Fig. 6 assumes that the incoming x-propagating primary wave interacts with the downward k-propagating tertiary wave first before interacting with the upward k-propagating secondary wave. We note that all interference effects disappear in our model when the order of the two counter-k-propagating secondary and tertiary waves is reversed (i.e., we assign negative values to the separation parameter k 0 σ) since recirculation is then no longer possible (see Fig. 8 ).
In this reversed scenario, the connection coefficients (41)-(45) simply become
respectively, which still satisfy the conservation law (46). The reversed scenario shown in Fig. 8 may be viewed as a combination of a standard double-conversion Budden problem involving the primary and secondary waves, with coefficients T B = T + C t ≡ τ 2 s , C B = C s , and R B = R, and an isolated single-conversion problem involving the primary and tertiary waves.
V. NUMERICAL ANALYSIS
We now compare the analytical results presented in Sec. IV with the direct numerical integration of the coupledwave differential equations (24) with the propagating parameter γ = 1 and the normalized coupling constants |η s | = [ln(2)/2π] 1 2 = |η t |, and the boundary conditions corresponding to only a left-propagating A-wave with eikonal amplitude A 0 at x = − ∞ (and no other waves). With these boundary conditions, the energy conservation law (29) yields
where A R,L (+) denote the eikonal amplitudes of the right (R) and left (L) propagating A-waves at x = + ∞. By comparing this equation with Eq. (46), we define the numerical coefficients . Because an inverted energetic-particle population may support a negative-energy tertiary wave, which yields exp(+ π|η t | 2 ) ≡ τ allows for all terms to grow [6] , since the tertiary wave-energy flux density is now negative. In this process, energy could be extracted from a negative-energy wave supported by an inverted energetic-particle population and be transfered directly to the bulk-ion population (heated by the secondary wave).
This indirect transfer of energy from the energetic particles to the bulk ions, which represents a new form of alphachanneling process (i.e., the direct transfer of energy from fusion products to bulk ions without the intermediary role of electrons [14, 15] ), may then significantly increase the rf power absorption by bulk ions in burning plasmas.
VII. CONCLUSIONS
The purpose of the present work is to investigate how the standard two-wave conversion process associated with heating and/or driving current in a magnetized fusion plasma would be affected by the presence of a tertiary wave able to interact linearly with the primary wave.
The simple topology of the one-dimensional multiple wave-conversion model presented here demonstrates that the mode conversion between primary and secondary waves can be significantly modified by the presence of a tertiary wave. By focusing our attention on the topology of intersecting rays in two-dimensional phase space, our model is constructed to investigate quantitatively the interference effects associated with energy recirculation. The simplicity of our model also allowed us to validate the modular eikonal approach by direct comparison of analytic and numerical results.
Two scenarios are investigated with our conceptual topological model. First, when the positive-energy secondary and tertiary waves are counter-propagating in k-space and interact linearly with the primary wave, we show that interference and energy-recirculation effects in ray phase space lead to a degradation of energy conversion from the primary wave to the secondary wave (see Fig. 9 ). Second, when the tertiary wave has negative energy, the wave-energy conservation law (52) allows unbounded energy conversion to the secondary wave (see Fig. 10 ). This second scenario could potentially have important applications in the development of burning fusion plasmas.
Future work will include the development of more realistic models (including specific wave types used in rf heating or current drive in fusion plasmas) in multi-dimensional spatial geometry, as well as the investigation of the new alphachanneling process involving a negative-energy tertiary wave supported by an inverted energetic-particle population.
